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1. INTRODUCTION

The notion of principal direction for a smooth immersion f : M → IR4 which we intro-
duce and use is due to J. A. Little [7]; it is an extension of the classical three–dimensional
concept (see [10] for another possible extension). A principal direction at p is a line in
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TpM that is generated by a unitary vector which makes the length of α(X, X) take an
extreme value, where α is the second fundamental form of the immersion f at p and X
varies on the unitary circle in TpM . The set E of values of α(X, X) called ellipse of cur-
vature is an ellipse that may degenerate into either a line segment, or a circle, or a point.
Also, it is easily seen that as X goes once around the circle, α(X,X) goes twice around E .
Therefore, when E is either an ellipse or a line segment, there are four principal directions
at p ; when E is either a circle or a point we say p is a umbilic point of f . The principal
lines of curvature of α are those curves in M , which are disjoint from umbilic points, that
are tangent to principal lines.

When M is contained in a 3-dimensional subspace E of IR4, the ellipse of curvature E
at a point p ∈ M is a segment contained in the one-dimensional subspace of E orthogonal
to TMp. In this way, the two principal lines of M as a submanifold of E concide with two
of the principal lines of M as a submanifold of IR4.

In this paper, we clarify some points of the original proof of Theorem 1.1 (see [2],
Theorem 2.1), which we consider very important in the study of lines of curvature of surfaces
immersed in IR4. We show some quartic differentials that are invariant by isothermal
coordinates. The holomorphic quartic differentials live naturally in Riemann surfaces and
may be as interesting as quadratic differentials.

We remark that the work of Garcia and Sotomayor [4] is closely related to the work of
this paper.

Now let r = 1, 2, · · · ,∞, ω. Let aij : U → IR be Cr maps, where i, j ∈ {1, 2, 3, 4} and U
is an open subset of IR2. Consider the cannonical 1-forms du, dv on U in (u,v)-coordinates.
A Cr real quartic differential form ϕ on U , denoted

ϕ =
∑

i+j=4

aijduidvj ,

is a map taking p ∈ U , (x, y) ∈ TpIR
2 to the real number ϕ(p)(x, y) =

∑
i+j=4 aij(p)xiyj .

A C1 curve γ = (γ1, γ2) : (a, b) → U is a solution of the differential equation
∑

i+j=4

aijduidvj = 0

if and only if
∑

i+j=4 aij(γ(t))(γ′1(t))
i(γ′2(t))

j = 0. Let H = (f, g) : V → U be a dif-
feomorphism between open subsets of IR2. If U and ϕ are as above, then we define the
pull-back of ϕ via H as the quartic differential form

H∗ϕ =
∑

i+j=4

aij ◦H df idgj .

Using the above, we may define quartic differential forms on Riemannian two-manifolds
through a standard procedure.

We may similarly define a Cr complex quartic differential form on an open set U ⊂ IC,
denoted ϕ = adz4 , as the map taking p ∈ U and w ∈ Tp IC to the complex number
ϕ(p)(w) = a(p)w4, where a : U → IC is a Cr map and dz is the canonical 1-form on IC.

We now state our main result, which we prove in the next section.
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Theorem 1.1. Let f : M → IR4 be a smooth immersion of a surface M . In isothermal
coordinates (u, v) : (M, p) → (IR2, 0), the differential equation of the lines of curvature of
f is given by

4a(u, v)(du2 − dv2)dudv + b(u, v)(du4 − 6du2dv2 + dv4) = 0 , (1)

where a = a(u, v) and b = b(u, v) are smooth real–valued functions. Moreover, p is a
umbilic point if and only if a(0, 0) = b(0, 0) = 0.

Conversely, for any given analytic functions a, b : U → IR defined on an open neighbor-
hood U ⊂ IR2 of a point p, there exists an immersion f : V → IR4 where V ⊂ U is some
small open neighborhood of p such that the differential equation of the lines of curvature of
f is given by (1) and the coordinates (u, v) are isothermal.

This theorem has been used in [2] to find the stable and generic umbilic points of surfaces
of IR4 and provides self-contained proofs of the corresponding results. A different approach
for obtaining the differential equations of the principal lines of curvature, which consists
of parametrizing local surfaces with Monge charts as well as finding the first and second
fundamental forms, requires the aid of symbolic computation (see [4]). In this context, we
believe that a strengthened version of Theorem 1.1 would be very helpful in the study of
higher order stability (bifurcation) of umbilic points.

The conceptual simplification of Theorem 1.1, which is appropriate for studying principal
lines of curvature, has a cost: it does not give a good insight into the geometry of the
immersion. We nevertheless give the next four interesting consequences.

(a) Given an integer n, there exists a surface M ⊂ IR4 that have an isolated umbilic point
of index n/4. In fact, given n ≥ 0, the index – at the origin – of the principal lines of the
differential equation

Im(zndz4) = 0 (respectively Im(z̄ndz4) = 0)

is equal to n/4 (respectively −n/4), where z = u+iv (for the notation see the first proposi-
ton below, while for the calculation of the index see [3]). For surfaces of 3-dimensional
subspaces of IR4 the corresponding situation is quite different: the well known Loewner
Conjecture claims that the index of any umbilic point is less than or equal to one.

(b) According to our comments above and the study of surfaces of IR3 (see [5]), the index
of an isolated umbilic point of a surface of a 3-dimensional subspace of IR4 is of the form
n/2, where n is an integer. Thus if n and 4 are relatively primes, then a germ of a surface of
IR4 that has a umbilic point of index of the form n/4 is not contained in any 3-dimensional
subspace of IR4. This applies to a generic umbilic point of a surface of IR4, namely, the
index of such umbilic point is either 1/4 or −1/4 (see [2]).

(c) In isothermal coordinates, the same differential equation for the principal lines of cur-
vature may correspond to different surfaces. For instance, in isothermal parameters, given
a differential equation for a surface M contained in a 3-dimensional subspace E of IR4,
there exists a new surface in IR4 which is not contained in any 3-dimensional subspace of
IR4 and has the same differential equation as that for M . The new surface is obtained in
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the proof of Theorem 1.1 where the image of the second fundamental form – at any point
– generates a bidimensional space (see Remark 2.2).

The following result, which is due to L. Rodŕıguez and R. Tribuzy [11], is related to (c):
a surface M ⊂ IR4 is contained in a 3-dimensional vector subspace E of IR4 if and only
if the the first normal bundle over M (i.e., the one generated by the image of the second
fundamental form α) is one-dimensional.

(d) Let (u, v) be isothermal coordinates for a surface M ⊂ IR4. In the next section, we
associate to these coordinates a complex quartic differential form ϕ = (a(u, v)+ib(u, v))dz4.
If M is contained in a 3-dimensional subspace of IR4, then ϕ is holomorphic if and only
if M has constant mean curvature (see [9]). Otherwise, ϕ may be holomorphic while the
mean curvature vector field of the immersion M ⊂ IR4 is not parallel. This fact is made
clear in Remark 2.2.

The authors wish to thank the referee for his comments, which have been taken into
account in this paper.

2. DIFFERENTIAL EQUATION OF THE LINES OF CURVATURE

Let f : M → IR4 be a smooth immersion of a surface M , and let U ⊂ M be an open
neighborhood with isothermal coordinates (u, v). Let z = u + iv, and let λ = |∂u| = |∂v|,
where ∂u =

∂

∂u
and ∂v =

∂

∂v
.

We introduce the two Wirtingen operators

∂z =
1√
2
(∂u − i∂v) and ∂z =

1√
2
(∂u + i∂v), (2)

as well as their corresponding dual forms

dz =
1√
2
(du + idv) and dz =

1√
2
(du− idv). (3)

We denote

σ = α(∂z, ∂z) and τ = α(∂z, ∂z) . (4)

Here 〈, 〉 is a bilinear complex extension of the inner product of T⊥M to T⊥M ⊗ IC, where
T⊥M denotes the normal bundle.

Proposition 2.1. Let f : M → IR4 be a smooth immersion of a surface M . In isother-
mal coordinates (u, v) : (M, p) → (IR2, 0), the differential equation of the lines of curvature
of f is given by

Im(〈σ, σ〉dz4) = 0 , (5)

or equivalently by

4a(u, v)(du2 − dv2)dudv + b(u, v)(du4 − 6du2dv2 + dv4) = 0 (6)
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where

a = a(u, v) = Re(〈σ, σ〉) and b = b(u, v) = Im(〈σ, σ〉)
are smooth real–valued functions.

Moreover, p is a umbilic point if and only if a(0, 0) = b(0, 0) = 0.

The proof of Proposition 2.1 follows of Lemmas 2.1 and 2.2.
Under the conditions of the proposition above, ε1 = λ−1∂u, ε2 = λ−1∂v is an orthonormal

frame.

Lemma 2.1. Let αij = α(εi, εj). Then ε1 is tangent to a principal line at p ∈ M if and
only if Im(〈σ, σ〉dz4)(ε1) = 0 at p.

Proof. Let ν : [0, 2π] → TMp be defined by

ν(θ) = cos θ ε1 + sin θ ε2.

Since the image of ν is an ellipse centered at the mean curvature vector H = 1/2(α11+α22)
(see [7]), we have that ε1 is a principal direction at p if and only if the function

f(θ) = ||α(ν(θ), ν(θ))−H||2

has a critical value at θ = 0. Now

0 = f ′(0) = 4 〈α(ν′(0), ν(0)), α(ν(0), ν(0))〉 −H

if and only if

0 = 〈α12, α11 −H〉 = 〈α12, α11 − α22〉 ,
or equivalently

0 = Im(||α11 − α22||2 − 4||α12||2 − 4i〈α11 − α22, α12〉) = Im(〈σ, σ〉dz4)(ε1) .

Since dz(ε1) is a real number, the proof is complete.

Lemma 2.2. The quartic differential form

〈σ, σ〉dz4

does not depend on the chosen isothermal coordinates.

Proof. In fact, let (u′.v′) be another system of isothermal coordinates. Consider the
corresponding operators

∂z′ =
1√
2
(∂u′ − i∂v′) and ∂z′ =

1√
2
(∂u′ + i∂v′) , (7)
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as well as their corresponding dual forms

dz′ =
1√
2
(du′ + idv′) and dz′ =

1√
2
(du′ − idv′). (8)

At a given point p ∈ M that belongs to the domain of definition of both (u, v) and (u′, v′),
there exist 0 ≤ θ < 2π and K > 0 such that

∂z′ = Keiθ∂z.

Using

dz(∂z) = dz(∂z) = 1, dz(∂z) = dz(∂z) = 0,

dz′(∂z′) = dz′(∂z′) = 1 and dz′(∂z′) = dz′(∂z′) = 0,

we conclude that

dz′ = K−1e−iθdz.

In sum, at the given point p, we have

〈α(∂z, ∂z), α(∂z, ∂z)〉(dz)4 = 〈α(∂z′ , ∂z′), α(∂z′ , ∂z′)〉(dz′)4 ,

which completes the proof.

Proof of Proposition 2.1. The proof follows directly from the previous two lemmas.

Proposition 2.2. For any given analytic functions a, b : U → IR defined on an open
neighborhood U ⊂ IR2 of a point p = (u0, v0), there exists an immersion f : V → IR4 where
V ⊂ U is some small open neighborhood of p such that the differential equation of the lines
of curvature of f is given by (6) and the coordinates (u, v) are isothermal.

In order to prove Proposition 2.2, we need the next two results.

Lemma 2.3. Suppose the assumptions above. Assume that, for some ε > 0, we have that
R = {(u, v) : |u − u0| < ε, |v − v0| < ε} is covered by our coordinate system. Then there
exist a normal frame {e3, e4} defined on R and a smooth function η = η(u, v) such that

∇⊥∂u
e3 = ηe4 , ∇⊥∂u

e4 = −ηe3

∇⊥∂v
e3 = 0 , ∇⊥∂v

e4 = 0.
(9)

Proof. Take a normal unitary vector field e3 along {v = v0}. By parallel translation
with respect to the Riemannian connection ∇⊥ along the curves {u = constant}, we extend
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e3 to R. This implies ∇⊥∂v
e3 = 0. Let e4 be a unitary vector field normal to both M and

e3; certainly ∇⊥∂v
e4 = 0. Since

0 = ∂
∂u 〈e3, e4〉 = 〈∇⊥∂u

e3, e4〉+ 〈∇⊥∂u
e4, e3〉

0 = ∂
∂u 〈ei, ei〉 = 2〈∇⊥∂u

ei, ei〉, for i = 3, 4,

we have that equations (9) are satisfied and the proof is complete.

The proof of the next result may also be obtained by direct use of Jacobowitz’s main
result of [6].

Lemma 2.4. Let {e3, e4} be a normal frame, and let η = η(u, v) be a smooth function
such that both verify (9).
If we denote

σβ1 = Re(〈σ, eβ〉), σβ2 = Im(〈σ, eβ〉), τβ = 〈τ, eβ〉, for β = 3, 4, (10)

then the Gauss, Ricci, and Codazzi equations may be written, respectively, as

λvv =
1
λ

(−σ2
31 − σ2

32 − σ2
41 − σ2

42 + τ2
3 + τ2

4 + λ2
u + λ2

v − λλuu) , (11)

(η)v =
2
λ2

(σ41σ32 − σ31σ42) , and (12)

(σ32)v = (σ31)u − (τ3)u − ησ41 + ητ4 +
2
λ

λuτ3

(σ31 + τ3)v = −(σ32)u + ησ42 +
2
λ

λvτ3

(σ42)v = (σ41)u − (τ4)u + ησ31 − ητ3 +
2
λ

λuτ4

(σ41 + τ4)v = −(σ42)u − ησ32 +
2
λ

λvτ4 .

(13)

Proof. We use notations (2) and (3). First, we consider the Gauss equation

〈R(∂z, ∂z)∂z, ∂z〉 = 〈α(∂z, ∂z), α(∂z, ∂z)〉 − |α(∂z, ∂z)|2. (14)

Note that if σi = 〈σ, ei〉, for i = 3, 4 , then

R(∂z, ∂z)∂z = ∇∂z∇∂z
∂z −∇∂z

∇∂z∂z
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= −∇∂z

(
2
λ

∂λ

∂z

)
∂z

= −∇∂z

(
2
∂ log λ

∂z

)
∂z

= −∆log λ∂z ,

which implies

〈R(∂z, ∂z)∂z, ∂z〉 = −λ2∆log λ .

Hence the Gauss equation has the form

−λ2∆ log λ = |σ|2 − |τ |2

and may be rewritten as (11).

Now we consider the Ricci equation

R⊥(∂z, ∂z)v = α(σv∂z, ∂z)− α(σv∂z, ∂z), v ∈ T⊥M. (15)

Note that

R⊥(∂z, ∂z)e3 = α(σe3∂z, ∂z)− α(σe3∂z, ∂z)

=
1
λ2

[
α(σ3∂z + τ3∂z, ∂z) + α(σ3∂z + τ3∂z, ∂z)

]

=
1
λ2

(σ3σ − σ3σ)

= 2
i

λ2
Im(σ3σ),

hence

〈R⊥(∂z, ∂z)e3, e4〉 = 2
i

λ2
Im(σ3σ4).

We also obtain that

R⊥(∂z, ∂z)e3 = ∇⊥∂z
∇⊥∂z

e3 −∇⊥∂z
∇⊥∂z

e3

= ∇⊥∂z

(
η√
2
e4

)
−∇⊥∂z

(
η√
2
e4

)

=
1√
2

(
∂η

∂z
− ∂η

∂z

)
e4

= −i
∂η

∂v
e4 ,

thus

〈R⊥(∂z, ∂z)e3, e4〉 = −i
∂η

∂v
.
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This implies that the Ricci equation has the form

∂η

∂v
= − 2

λ2
Im(σ3σ4) ,

which may be rewritten as (12).
Finally, we consider the Codazzi equation

(∇⊥∂z
α)(∂z, ∂z) = (∇⊥∂z

α)(∂z, ∂z). (16)

We have

∇⊥∂z
σ = ∇⊥∂z

τ − 2
∂ log λ

∂z
τ.

Also, we find that

∇⊥∂z
σ =

(
∂σ3

∂z
− σ4η

)
e3 +

(
∂σ4

∂z
+ σ3η

)
e4

and that

∇⊥∂z
τ =

(
∂τ3

∂z
− τ4η

)
e3 +

(
∂τ4

∂z
+ τ3η

)
e4.

Hence

∂σ3

∂z
− σ4η =

∂τ3

∂z
− τ4η − 2

∂ log λ

∂z
τ3

(17)
∂σ4

∂z
+ σ3η =

∂τ4

∂z
+ τ3η − 2

∂ log λ

∂z
τ4 ,

which may be rewritten as (13). The proof is now complete.

Proof of Proposition 2.2. We need to prove that, for any given local analytic
functions a, b : U → IR as in the assumptions, there exists a local analytic immersion f
such that the differential equation of the lines of curvature of f is given by (6) and the
coordinates (u, v) are isothermal.

If we find a solution λ > 0, η > 0, σ31, σ32, σ41, σ42, τ3, τ4 of system (11)–(13) of
Lemma 2.4 such that each function is defined on an open neighborhood V ⊂ U of p, then
the theorem of existence and uniqueness of immersions (see [6]) guarantees the existence
of a local immersion f : V → IR4 that has λ2 = E = G and F = 0 as coefficients of its first
fundamental form. On the other hand, if this solution satisfies the system

a = σ2
31 − σ2

32 + σ2
41 − σ2

42 , b = 2(σ31σ32 + σ41σ42) , (18)

then the differential equation of the principal lines of curvature is given by (6), hence the
proof of the theorem will follow. For this, we first define Λi = Λi(u, v, a, b, σ32, σ42), with
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i = 3, 4, by

Λ3 =
b σ32 + σ42

√
4(σ2

32 + σ2
42)(a + σ2

32 + σ2
42)− b2

2(σ2
32 + σ2

42)
and

(19)

Λ4 =
b σ42 − σ32

√
4(σ2

32 + σ2
42)(a + σ2

32 + σ2
42)− b2

2(σ2
32 + σ2

42)
.

Now, for i = 3, 4, we define the function

Ωi = Ωi(u, v, a, au, b, bu, σ32, (σ32)u, σ42, (σ42)u)

that is obtained by formally taking the partial derivative of Λi(u, v, a, b, σ32, σ42) with
respect to the variable u , where we assume that a = a(u, v), b = b(u, v), σ32 = σ32(u, v),
and σ42 = σ42(u, v).
We next introduce the system of linear PDE’s

∂U1

∂v
= U2

∂U3

∂v
=

∂U2

∂u
∂U2

∂v
=

1
U1

(
C2

3 − 2Λ3C3 − 2Λ4C4 + C2
4 − σ2

32 − σ2
42 + U2

2 + U2
3 − U1

∂U3

∂u

)

∂η

∂v
=

2
U2

1

(Λ4σ32 − Λ3σ42)

∂σ32

∂v
= 2Ω3 − ∂C3

∂u
− 2ηΛ4 + ηC4 +

2
U1

U3(C3 − Λ3) (20)

∂C3

∂v
= −∂σ32

∂u
+ ησ42 +

2
U1

U2(C3 − Λ3)

∂σ42

∂v
= 2Ω4 − ∂C4

∂u
+ 2ηΛ3 − ηC3 +

2
U1

U3(C4 − Λ4)

∂C4

∂v
= −∂σ42

∂u
− ησ32 +

2
U1

U2(C4 − Λ4) ,

with initial conditions

U1(u, 0) ≡ 1 , U2(u, 0) ≡ 0
U3(u, 0) ≡ 0 , η(u, 0) ≡ 1
C3(u, 0) ≡ 0 , C4(u, 0) ≡ 0
σ32(u, 0) ≡ 0 , σ42(u, 0) ≡ h(u) ,

(21)

where h(u) =
√

2
2

√
−a(u, 0) +

√
(a(u, 0))2 + (b(u, 0))2 + 1 .
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Then the Cauchy–Kowalewsky theorem (see [12]) implies the existence of an analytic
solution around (0, 0) for the entire system (20). Note that the chosen initial conditions
guarantee that U1 > 0 and that the expression

4(σ2
32 + σ2

42)(a + σ2
32 + σ2

42)− b2 ,

which is inside the square root of the definition of Λi = Λi(u, v) with i = 3, 4, is positive
and analytic in a small neighborhood of (0, 0). If we define λ = U1, then the first two
equations of (20) together with the chosen initial conditions imply that U2 = λv and that
U3 = λu. Also, if we rewrite system (20) by making the substitutions

σi1(u, v) = Λi(u, v, σ32(u, v), σ42(u, v))
(σi1)u(u, v) = Ωi(u, v, a, au, b, bu, σ32, (σ32)u, σ42, (σ42)u)

τi = Ci − σi1 ,
(22)

for i = 3, 4 , then system (20) implies that the structural equations (11)–(13) are satisfied.
Moreover, by (19) and (22), we have that (18) is satisfied, which completes the proof.

Proof of Theorem 1.1. The proof follows directly from Propositions 2.1 and 2.2.

Remark 2. 1. Let {e3, e4} be a normal frame, and let η = η(u, v) be a smooth function,
both verifying (9).
If we denote the first and second fundamental forms by

α(∂u, ∂u) = e e3 + ē e4

α(∂u, ∂v) = f e3 + f̄ e4

α(∂u, ∂u) = g e3 + ḡ e4

E = λ2 ,

then the mean curvature vector field H has the form

H =
e + g

2E
e3 +

ē + ḡ

2E
e4 ·

Also, by Lemma 2.4, the Gauss, Ricci, and Codazzi equations may be written, respectively,
as

eg − f2 + ēḡ − f̄2 =
1

2E
(E2

u + E2
v − E(Euu + Evv)), (23)

ηv =
(e− g)f̄ − f(ē− ḡ)

E
, (24)

and

ev − fu = −f̄η + Ev
e + g

2E
,
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ēv − f̄u = fη + Ev
ē + ḡ

2E
,

(25)

fv − gu = −ḡη − Eu
e + g

2E
,

f̄v − ḡu = gη − Eu
ē + ḡ

2E
·

Remark 2. 2. (a) When we ask equations (19) to have a non-vanishing denominator,
we are imposing that the image of the second fundamental form of the resulting immersed
surface of Theorem 1.1 be bidimensional.
(b) Let a, b, be functions as in Theorem 1.1. Suppose a + ib is holomorphic. The surface
obtained through our construction, which is used to prove the second assertion of the theo-
rem, has no parallel mean curvature vector field. On the other hand, under the conditions
of Theorem 1.1, the surfaces constructed in [3] are minimal.

REFERENCES
1. W. S. Burnside and A. W. Panton, The Theory of Equations, Dover Publications, Inc., New York,

1912.

2. C. Gutiérrez, I. Guadalupe, R. Tribuzy and V. Gúıñez, Lines of Curvature on Surfaces Immersed
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